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In t roduc t ion  : 
ANALDG STUDIES OF THE LIMIT-CYCLE FUEL CONSUMF'TION 
OF A SPINNING SYMMETRIC DRAG-FREE SATELLITE 
The l i f e t i m e  of a drag-free s a t e l l i t e  i s  d i r e c t l y  r e l a t e d  t o  the  
l imi t - cyc le  fuel-consumption r a t e  of t he  c o n t r o l  j e t s .  By proper 
adjustment of con t ro l  parameters, it i s  poss ib l e  t o  maintain t h e  fuel-  
consumption ra te  a t  an acceptable l e v e l .  This r e p o r t  eva lua te s  t h e  
r e s u l t s  of an analog computer s imulat ion f o r  t h e  case of a drag-free 
s a t e l l i t e  which i s  spinning a t  a constant  ra te  about i t s  symmetry a x i s .  
The l i m i t - c y c l e  fuel-consumption ra te  i s  employed as a performance 
c r i t e r i o n  comparingan on-off c o n t r o l  versus  a pulse-width,  
pulse-frequency system. A lead-lag f i l t e r  i s  used t o  der ive r a t e  
information from the  pos i t i on  measurements. Noise i s  added t o  t h e s e  
pos i t i on  measurements and i t s  e f f e c t  on t h e  performance i s  a l s o  con- 
s i d e r e d .  
Analog Computer Simulation: 
Derivat ion of t he  equations of motion and t h e  con t ro l  s y n t h e s i s  
f o r  t he  spinning drag-free s a t e l l i t e  have been given by Lange.* 
F i g .  1 d e p i c t s  t h e  configurat ion f o r  t h i s  case. The i n e r t i a l  
coordinate  system ( x ' )  y ' )  i s  f i x e d  with the  x ' - ax i s  p a r a l l e l  t o  t h e  
d i r e c t i o n  of t he  drag force,and the  body-fixed frame (x ,  y)  r o t a t e s  a t  
a constant  angular r a t e .  The equat ions of motion i n  t h e  body-fixed 
frame are 
*"The Control and U s e  of Drag-Free S a t e l l i t e s "  by B .  Lange, Ph.D. 
Thesis ,  Dept . of E l e c t r i c a l  Engineering, Stanford Un ive r s i ty ,  June 1964. 
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X - m  X - = F c o s w t  + F 
.. 2 
y - u  y + a x =  -F s h u t  + F 
cx I D D CY 
where F i s  t h e  magnitude of t h e  drag, a c c e l e r a t i o n  (assumed cons t an t  
f o r  s eve ra l  l i m i t - c y c l e  per iods) ,and F F are the  c o n t r o l  accelera- 
t i o n s  along the x and y axes r e s p e c t i v e l y .  The s u b s t i t u t i o n s  
D 
cx' c y  
(2) 
DY 
5 = x + j y , F c = F  
transform Eq. (1) i n t o  t h e  complex form 
+ j F  c y '  F D = F  Dx + j F  cx 
2 
+ FD E + 2 j q .  - u t  = F  C 
A second transformation 
reduce6 Eq. (3 )  t o  
j c u t  jut 
y = F e  + F e  
C D 
which i s  simply t h e  equat ion of motion i n  t h e  i n e r t i a l  frame. A 
s t anda rd  l i n e a r  feedback c o n t r o l  i s  chosen as 
F e  jcut = -Kv< - K 7 = -Kv[{ + ky] 
C P 
where k I K /K 
This  c o n t r o l  law i s ' t h e n  transformed back i n t o  t h e  r o t a t i n g  frame and 
P V  
becomes 
F = - K v [ i  + (k + Ju)S] 
C 
or i n  real form 
I = -KV[X - CUY + kx] = -Kv[; + LUX + ky] Fcx F C Y  
( 3 )  
(5) . 
(7) 
Since t h i s  l i n e a r  c o n t r o l  makes t h e  s y s t e m  s t a b l e  f o r  a l l  p o s i t i v e  
values  of t h e  con t ro l  ga in ,  t h e  l i n e a r  ga in  element i s  replaced with a 
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r e l a y  c o n t r o l  t o  ope ra t e  the j e t  valves  as suggested by Aizerman.* An 
a l t e r n a t e  method i s  t o  approximate t h e  l i n e a r  con t ro l  by a pulse-width7 
pulse-frequency s y s t e m .  
Th i s  s y s t e m  has been mechanized on t h e  TFt-48 analog computer where 
t h e  problem i s  s c a l e d  t o  permit i n v e s t i g a t i o n  of t he  l imi t - cyc le  
behavior near  t h e  o r i g i n  of the phase space.  D e t a i l s  of t h e  analog 
c i r c u i t s  are presented i n  t h e  appendix. Block diagrams f o r  t he  two 
con t ro l  s imulat ions are shown i n  F igs .  2-4.. 
Numerical va lues  f o r  t h e  f i x e d  parameters of t h i s  s imulat ion w e r e  
determined from p r a c t i c a l  cons ide ra t ions .  The magnitude of t h e  drag 
a c c e l e r a t i o n  w a s  taken t o  be F = 7.17 x 1 0  cm/sec which corresponds 
t o  an a l t i t u d e  of 100 s t a t u t e  m i l e s .  This value probably w i l l  not be 
exceeded f o r  most a p p l i c a t i o n s .  The magnitude of t h e  c o n t r o l  accelera-  
t i o n  w a s  chosen as F 
the  drag a c c e l e r a t i o n .  To e l imina te  t h e  high-frequency no i se  spectrum, 
the  c u t o f f  frequency f o r  t h e  l a g  f i l t e r  w a s  set a t  50 r ad / sec .  A 
nominal value of k = 1 sec  (k i s  not a f i x e d  parameter),  led t o  
a value f o r  t h e  l a g  f i l t e r  constant of a = 50. Prel iminary runs of 
the analog s imulat ion w e r e  used t o  determine nominal values  f o r  t he  
v a r i a b l e  parameters.  These values are l i s t e d  i n  Table 1. The param- 
e t e r s  w e r e  then va r i ed ,  one a t  a t i m e ,  about t h e  nominal case and t h e i r  
e f f e c t  on t h e  fuel-consumption rate w a s  recorded.  Four d i f f e r e n t  cases 
-2 2 
D 
= 1 cm/sec2 which i s  about t e n  t i m e s  t he  value f o r  
C 
-1 
* 
Absolute S t a b i l i t y  of Control Systems by M .  A .  Aizerman and F .  R .  
Gantmacher, Holden-Day, San Francisco, 1963. 
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were observed f o r  every parameter v a r i a t i o n .  They were (See F i g .  2 ) :  
Case A :  Rate gyro switch c losed  without n o i s e  inpu t s  
Case B: Rate gyro switch open without n o i s e  i n p u t s  
C a s e  C: Rate gyro switch c losed  with no i se  inpu t s  
Case D: Rate gyro switch open wi th  no i se  i n p u t s .  
To provide r e l a t i v e  measure of performance, a normalized fuel-con- 
sumption r a t e  i s  def ined a s  
measured fuel-consumption rate (9) W E  
t h e o r e t i c a l  minimum fuel-consumption rate 
where the  t h e o r e t i c a l  minimum fuel-consumption r a t e  i s  t h e  value re -  
qu i red  t o  counteract  t he  drag f o r c e .  A s  t h e r e  i s  gene ra l ly  a component 
of t he  t h r u s t  perpendicular  t o  the  d i r e c t i o n  of t he  drag when the  
s a t e l l i t e  i s  r o t a t i n g ,  t he  normalized fuel-consumption r a t e  i s  a lways  
g r e a t e r  than u n i t y .  
Since t h e  analog measurements showed some d i spe r s ion ,  i t  was neces- 
s a r y  t o  run several  t r i a l s  f o r  each da ta  poin t  t o  ob ta in  an average 
va lue .  The spread of the  d a t a  va r i ed  approximately as ~W-~O.08(W-l). 
The primary reason f o r  t h i s  p r o p o r t i o n a l i t y  w a s  t he  method of e s t i -  
mating t he  fuel-  consumption r a t e .  The fuel-consumption r a t e  w a s  found 
by measuring t h e  time f o r  t he  con t ro l  system t o  use up a s p e c i f i e d  
amount of f u e l .  This  meant t h a t  s h o r t e r  averaging t i m e s  w e r e  used a t  
higher  r a t e s ,  causing a l a r g e r  spread i n  the  measurements. I t  should 
a l s o  be noted t h a t  add i t iona l  v a r i a t i o n s  were caused by t h e  system's  
s e n s i t i v i t y  t o  t h e  pot s e t t i n g s .  
Resu l t s  f o r  On-Off Control: 
The normalized fuel-consumption r a t e  a s  a func t ion  of t he  v a r i a b l e  
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parameters i s  presented  i n  Figs. 5-8 (without no i se  inpu t s )  and Figs. 
9-13 (with no i se  i n p u t s ) .  I t  should be noted t h a t  high fuel-consump- 
t i o n  r a t e s  u sua l ly  correspond t o  l a r g e  l i m i t  c y c l e s .  This  i s  due t o  
con t ro l  pu lses  occurr ing  on both s i d e s  of t he  deadzone as t h e  l i m i t -  
cyc le  s i z e  i n c r e a s e s .  Therefore, f u e l  i s  wasted s i n c e  some c o n t r o l  
pu lses  a c t u a l l y  augment the  drag f o r c e .  
f i r i n g s "  gene ra l ly  inc reases  when n o i s e  i s  p r e s e n t .  
sumption r a t e s  f o r  both high and low va lues  of t he  feedback ga in  k 
a r e  shown i n  F i g .  5 and F i g .  1 0 .  Since k i s  j u s t  t he  s lope  of the  
switching l i n e ,  t he  l imi t - cyc le  s i z e  inc reases  f o r  l a r g e  k .  When k 
i s  smal l ,  t he  switching points  a r e  not  p r e c i s e  and con t ro l  pu lses  f r e -  
quent ly  occur a t  t h e  wrong place. These e f f e c t s  a r e  accentuated when 
no i se  i s  added. A n  i n t e r e s t i n g  minimum e x i s t s  near  5 = 0.08 c m  i n  
F i g .  6 and F ig .  11 when t h e  rate gyro switch i s  open. This  i s  p r i -  
marily due t o  the  increased  importance of t he  gyro terms as x and y 
become l a r g e  ( see  Eq. 8 ) .  The absence of t he  gyro t e r m s  degrades t h e  
accuracy of t he  r a t e  information which inc reases  f u e l  consumption. 
The minimum f o r  t h e  hys t e re s i s  6 shown i n  F i g .  12  may be due t o  
improper switchings by the  noise  f o r  small  values  of 6. In  genera l  it 
can be seen t h a t  although the fuel-consumption r a t e  i s  u s u a l l y  higher  
with the  r a t e  gyro switch open, t h e  d i f f e r e n c e  i s  not  too  g r e a t  f o r  
angular  r a t e s  under 1 rad/sec, bu t  i nc reases  r a p i d l y  f o r  h igher  rates 
(see  F i g .  8 and F i g .  1 3 ) .  I t  i s  a l s o  important t o  n o t i c e  i n  F i g .  9 
t h a t  t he  performance i s  very poor f o r  no i se  l e v e l s  higher  than 
u = 2 x 1 0  cm (deadzone t o  n o i s e  r a t i o  9 2 5 ) .  
The frequency of t h e s e  "bad 
Large fuel-con-  
-3 
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Steady-s ta te  motion f o r  t he  nominal case  i s  r ep resen ted  by the  
phase p lanes  of F i g .  1 4 .  A ten-second t i m e  i n t e r v a l  w a s  used f o r  each 
photo.  While occasional  bad f i r i n g s  occur f o r  case B,  they are not  
n e a r l y  as severe as  cases  C and D .  
R e s u l t s  f o r  Pulse-Width, Pulse-Frequency Control  (PWPF) : 
The normalized fuel-consumption r a t e  graphs f o r  t h i s  c o n t r o l  a r e  
given i n  Figs. 15-19 (without no i se  inpu t s )  and Figs. 20-25 (with no i se  
i n p u t s ) .  Although t h e  i n t e g r a t o r  ga in  T i s  unimportant f o r  ca ses  A 
and B ( see  Fig.  1 5 ) ,  i t  must be made l a r g e  enough t o  be s u r e  t h a t  t h e  
i n t e g r a t o r  does not  t r a c k  the  no i se  as seen i n  F i g .  21 .  Sca l ing  prob- 
l e m s  made it d i f f i c u l t  t o  ob ta in  da t a  for higher  angular  r a t e s  i n  F ig .  
1 9  and F i g .  25, bu t  t he  phase plane behavior f o r  t h e s e  cases  ind ica t ed  
r e s u l t s  s imi l a r  t o  F i g .  8 and F i g .  13 .  For the  most p a r t ,  t h e  per for -  
mancewas s l i g h t l y  b e t t e r  with the  r a t e  gyro switch open. However, f u e l  
consumption worsened r a p i d l y  without t h e  r a t e  cross-coupl ing as t h e  
veh ic l e  was ro t a t ed  f a s t e r  than 1 rad/sec .  Once again the  graphs show 
t h a t  some improvement is der ived by exceeding t h e  nominal value of t h e  
t r i g g e r  deadzone. I t  can a l s o  be seen t h a t  t he  PWPF system i s  
about twenty t i m e s  l e s s  s e n s i t i v e  t o  no i se  than  the  on-off con t ro l  s ince  
t h e  performance does not  d e t e r i o r a t e  u n t i l  n o i s e  l e v e l s  of about 
0 = 4 x 1 0  cm ( t r i g g e r  deadzone t o  no i se  r a t i o  E 1 )  a r e  reached.  -2  
Phase planes f o r  t he  nominal case  a r e  shown i n  F i g .  26. A t h r u s t -  
d i r e c t i o n  h i s t o r y  for t he  nominal case  i s  given i n  Table 2 where i t  can 
be seen t h a t  the l a r g e r  t h r u s t  component u s u a l l y  opposes t h e  drag f o r c e .  
6 
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Conclusions : 
T h i s  s imula t ion  has shown t h a t  t h e  pulse-width, pulse-frequency 
c o n t r o l  system has supe r io r  no i se - r e j ec t ion  c h a r a c t e r i s t i c s  i n  compar- 
i s o n  t o  s t r i c t l y  on-off c o n t r o l .  I n  add i t ion ,  t he  PWPF system i s  
more economical even without noise  i n p u t s .  
Since only s m a l l  d i f f e rences  were noted when the  rate gyro s w i t c h  
w a s  open, t h i s  po r t ion  of t he  cont ro l  could be removed t o  s impl i fy  t h e  
s y s t e m .  However, t h i s  changa is only  warranted when the angular  r a t e s  
are s u f f i c i e n t l y  sma l l .  
The s imula t ion  has a l s o  shown t h a t  both con t ro l  systems automat- 
i c a l l y  commutate the  j e t s  f ixed  on the  r o t a t i n g  veh ic l e  so t h a t  they  
f i r e  t o  oppose t h e  drag f o r c e ,  except  t h a t  t h e r e  i s  a s m a l l  con t ro l  com- 
ponent perpendicular  t o  t h e  drag d i r e c t i o n  which s t a b i l i z e s  t h e  c ross -  
a x i s  motion. Furthermore, t he  con t ro l  s y s t e m s  do not r e q u i r e  measure- 
ments of t h e  magnitude o r  d i r e c t i o n  of t he  drag f o r c e .  
7 
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TABLE 1. Nominal Values for Variable  Parameters 
1 .  Feedback gain: k = 1 sec -1 
2 .  Deadzone: 5 = 0.05 cm 
3 .  Hysteresis: 6 = 0.038 cm 
4 .  Angular rate: cu = 1 rad/sec 
5 .  Integrator gain: T = 0.75  sec 
6 .  Noise Level: 
(on-off) - 3  
- 2  
0 = 1.418 x 10 cm 
IS = 2.270 x 10 cm 
0 
0 
8 
I' 
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TABLE 2 .  Thrust  i l i rec t ion  h i s t o r y  f o r  F'WPF c o n t r o l  
(Duration: 6 cyc les  or 37.7 s e e . )  
C 
With 
Angle between thrust and 
drag (thrust component 
opposing drag) 
D 
Without 
I
38 
9 
12 
* 45" I 36 
10 
15 
8 
t 45" 4 60" 
10 
60' 3 90" 
67 
Bad firings (no thrust 
component opposing drag) 
71 
~ 
Total firings 
Case 
(Without Noise) (With Noise) 
A 
With 
Gyro 
35 
7 
50 
B 
Without 
Gyro  
33 
9 
2 
46 
Gyro I Gyro 
9 
0 
(3 a a n 
10 
4 
4 
* I 
(S +a k * S+k * . c 
f 
CONTROL 
(SEE Fig.3 and 4) ( 
z 
RATE GYRO\ 
SWITCH 
Fig. 2 .  Block Diagram of Control Simulation 
11 
Fig. 3. On-Off Control 
I SAME AS - .  - 
T S  Fig. 3 
i L 
+ 
Fig. 4 .  Pulse-Width, Pulse-Frequency Control 
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APPENDIX ANALOG C I R C U I T S  
The two TR-48 computers used i n  t h i s  s imulat ion a r e  shown i n  F i g .  
A - 1 .  The analog c i r c u i t s  a r e  given i n  Figs.A-2 t o  A-7. Since t h e  con- 
t r o l  s imulat ion i s  i d e n t i c a l  f o r  each channel of t h e  dual a x i s  system 
shown i n  F i g .  A - 3 ,  t he  t w o  channels are shown simultaneously i n  Figs. 
A-4 t o  A-6. Although i t  i s  not shown i n  the  f i g u r e s ,  no i se  should a l s o  
be added t o  the  rate gyro inpu t s .  S a t i s f a c t o r y  operat ion i n  t h e  l i m i t  
cycle mode w a s  obtained by using an amplitude scale f a c t o r  of 0.02 c m  
per v o l t .  The i n t e g r a t o r s  were run a t  t e n  t i m e s  t h e i r  normal ra te  with 
a t i m e  scale f a c t o r  of @ = 10. This  prevented a m p l i f i e r  overload and 
made it  poss ib l e  t o  run the  problem i n  real  t i m e .  Due t o  inhe ren t  
time-delay i n  t h e  computer, i t  w a s  a l s o  necessary t o  se t  i n i t i a l  con- 
d i t i o n s  on the  i n t e g r a t o r  of the f i l t e r  i n  F i g .  A-4 t o  prevent i n i t i a l  
overload.  
The no i se  generator  used f o r  t h i s  study w a s  manufactured by 
E l e c t r o n i c  Associates  Incorporated (designated Model 201A). The 
s p e c t r a l  dens i ty  w a s  determined by passing t h e  no i se  through a narrow 
band-pass f i l t e r  and then measuring t h e  var iance of t h e  f i l t e r  ou tpu t .  
A s  t h e  o rde r  of t h e  l a g  f i l t e r  w a s  increased,  t h e  c o n t r i b u t i o n  of t h e  
non-uniform por t ion  of t he  generator spectrum diminished. The value of 
t h e  uniform s p e c t r a l  dens i ty  converged t o  N E 1.89 x 10 
(rad/sec)  f o r  a th i rd -o rde r  lag f i l t e r  with a cu to f f  frequency of 100 
rad/sec.  
i s  a 95% c e r t a i n t y  t h a t  t h e  measured value of s p e c t r a l  d e n s i t y  i s  
-3  2 ( v o l t s )  / 
0 
The ope ra t ing  manual for t he  no i se  gene ra to r  claims t h a t  t h e r e  
. 
within 2.5% of t h e  t r u e  v a l u e .  
The pot s e t t i n g s  for t h e  discontinuous c o n t r o l ( F i g .  A - 6 )  d i d  not  
behave l i n e a r l y  and i t  w a s  necessary t o  f i n d  them by experimentat ion.  
Pots one and two f i x e d  t h e  ope ra t ing  l e v e l  a t  t e n  v o l t s  s i n c e  the  net-  
work d id  not perform properly a t  low vol tage l e v e l s .  Pots  t h r e e  and 
four  set t h e  deadzone s i z e  while pot f i v e  determined t h e  amount of 
h y s t e r e s i s .  A r e l a y  w a s  used t o  c u t  o f f  s m a l l  c u r r e n t s  which leaked 
through the high gain a m p l i f i e r .  The r e l ay  a l s o  determines t h e  s i g n  
and magnitude of t h e  c o n t r o l  s i g n a l .  
The fuel-consumption r a t e  was found by simply i n t e g r a t i n g  t h e  
con t ro l  impulse u n t i l  t h e  i n t e g r a t o r  reached a s p e c i f i e d  va lue .  The 
t i m e  taken t o  a t t a i n  t h i s  value w a s  measured by another  i n t e g r a t o r  
which ac t ed  as a c lock .  
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Fig. A-1.  TR-48 Anal-og Computers 
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